
NONLINEAR LONGITUDINAL VIBRATION OF A CIRCULAR CONICAL ELASTIC
SHELL

Director of "The most Reliable Publication" 
Ibodullayeva Zubayda Sherzodovna

Executive Director of "The Most Reliable Publication"
Rakhmanov Oybek son of Rakhim

Abstract: The study of nonlinear longitudinal vibrations in circular conical elastic shells represents a
critical area of research within applied mechanics and structural engineering, necessitating a comprehensive
understanding  of  complex  geometries  and  material  behaviors.  Such  shells  are  prevalent  in  various
engineering  applications,  including  aerospace  structures,  automotive  components,  and  acoustic  devices,
where vibrational characteristics significantly influence functionality and performance. Despite substantial
advances in linear vibration theory, the nonlinear responses induced by large deformations and material
nonlinearity remain inadequately explored. This discourse delves into the fundamental principles governing
these phenomena, elucidating the governing equations and boundary conditions associated with nonlinear
vibrations. By considering both geometric and physical nonlinearities, this investigation aims to contribute
to the existing body of knowledge, providing insights into the dynamic behavior of conical shells under
longitudinal excitations, thereby underscoring the practical implications for the design and optimization of
lightweight structures subjected to vibrational forces.
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Annatatsiya: Dumaloq konusning elastik qobig'idagi chiziqli bo'lmagan uzunlamasına tebranishlarni
o'rganish amaliy mexanika va strukturaviy muhandislik doirasidagi tadqiqotning muhim yo'nalishi bo'lib,
murakkab  geometriyalar  va  moddiy  xatti-harakatlarni  har  tomonlama  tushunishni  talab  qiladi.  Bunday
qobiqlar turli muhandislik dasturlarida, jumladan, aerokosmik tuzilmalarda, avtomobil qismlarida va akustik
qurilmalarda keng tarqalgan bo'lib, tebranish xususiyatlari funksionallik va ishlashga sezilarli ta'sir qiladi.
Chiziqli tebranish nazariyasidagi sezilarli yutuqlarga qaramay, katta deformatsiyalar va materialning chiziqli
bo'lmaganligi tufayli yuzaga keladigan nochiziqli reaktsiyalar etarli darajada o'rganilmagan. Ushbu ma'ruza
ushbu hodisalarni boshqaradigan asosiy tamoyillarni o'rganadi, chiziqli bo'lmagan tebranishlar bilan bog'liq
boshqaruv tenglamalari va chegara shartlarini yoritadi. Geometrik va fizik nochiziqliklarni hisobga olgan
holda,  ushbu  tadqiqot  mavjud  bilimlar  to'plamiga  hissa  qo'shishga  qaratilgan  bo'lib,  uzunlamasına
qo'zg'alishlar ostida konusning qobig'ining dinamik harakati haqida tushuncha beradi va shu bilan tebranish
kuchlari  ta'siri  ostida  yengil  konstruktsiyalarni  loyihalash  va  optimallashtirish  uchun  amaliy  natijalarni
ta'kidlaydi. .

Kalit so'zlar: konusning qobiq tuzilmalari haqida umumiy ma'lumot, chiziqli bo'lmagan tebranishlarni
o'rganishning ahamiyati, elastik qobiqlar uchun harakat tenglamalarini boshqarish.

НЕЛИНЕЙНЫЕ ПРОДОЛЬНЫЕ КОЛЕБАНИЯ КРУГЛОЙ КОНИЧЕСКОЙ УПРУГОЙ
ОБОЛОЧКИ
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Аннотация: Изучение  нелинейных  продольных  колебаний  в  круглой  конической  упругой
оболочке представляет собой важную область исследований в прикладной механике и строительной
инженерии,  требующую  всестороннего  понимания  сложной  геометрии  и  поведения  материалов.
Такие  оболочки  широко  распространены  в  различных  инженерных  приложениях,  включая
аэрокосмические  конструкции,  автомобильные  компоненты  и  акустические  устройства,  где
вибрационные характеристики  существенно  влияют  на  функциональность  и  производительность.
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Несмотря  на  существенные  достижения  в  теории  линейной  вибрации,  нелинейные  реакции,
вызванные  большими  деформациями  и  нелинейностью  материала,  остаются  недостаточно
изученными. В этом дискурсе рассматриваются фундаментальные принципы, управляющие этими
явлениями,  разъясняются  основные  уравнения  и  граничные  условия,  связанные  с  нелинейными
колебаниями. Рассматривая как геометрическую, так и физическую нелинейность, это исследование
направлено  на  внесение  вклада  в  существующий  объем  знаний,  предоставляя  понимание
динамического  поведения  конических  оболочек  при  продольных  возбуждениях,  тем  самым
подчеркивая  практические  последствия  для  проектирования  и  оптимизации  легких  конструкций,
подверженных вибрационным силам. 

Ключевые  слова: обзор  конических  оболочечных  конструкций,  важность  изучения
нелинейных колебаний, определяющие уравнения движения для упругих оболочек.

I. Introduction. Conical shell structures occupy a unique niche in the realm of engineering and
applied mechanics, primarily due to their advantageous geometric properties that provide enhanced load-
bearing capabilities. These structures are extensively utilized in various applications, including aerospace,
civil  engineering,  and  marine  engineering,  owing  to  their  efficiency  in  material  usage  and  structural
integrity. The analysis of nonlinear longitudinal vibrations in circular conical elastic shells presents distinct
challenges, particularly given their intricate geometrical and material characteristics, which often necessitate
advanced  theoretical  frameworks  for  accurate  modeling.  Recent  advancements  in  shell  theories  have
emphasized the importance of considering orthotropic and anisotropic materials, reflecting a shift toward
more nuanced applications in contemporary design practices. Furthermore, comprehending the stress-strain
relationships  within these  conical  geometries  is  essential,  as  it  influences  dynamics  and stability  under
operational conditions (Wang et al., 2012). Thus, an in-depth understanding of conical shell structures is
vital for advancing both theoretical research and practical applications in the field (Khudoynazarov et al.,
2024).

The study of  nonlinear  vibrations  is  paramount  in  accurately predicting the dynamic  behavior  of
structures, particularly in the context of complex geometries such as circular conical elastic shells. As these
structures  commonly  appear  in  aerospace  and  mechanical  applications,  understanding  their  nonlinear
responses under various operating conditions is critical for ensuring reliability and performance. Nonlinear
vibrations can lead to phenomena such as buckling and chaotic motion, which are not adequately captured
by linear analysis methods (cite3). Recent formulations have illustrated the intricacies involved in modeling
these vibrations, demonstrating the necessity of advanced approaches that incorporate velocity-dependent
stiffness parameters (cite4). Such insights not only enhance the theoretical framework for analyzing elastic
structures but also inform practical design considerations in the aerospace sector, where maintaining the
integrity  of  structural  components  under  dynamic  loading  is  essential  for  mission  success.  Thus,  the
significance  of  nonlinear  vibration  studies  extends  beyond  academic  inquiry,  impacting  real-world
applications profoundly.

II. Theoretical Framework
The theoretical framework underpinning the study of nonlinear longitudinal vibration in a circular

conical elastic shell is vital to advancing our understanding of complex vibrational behaviors in engineering
applications.  This  framework  broadly  encompasses  the  principles  of  continuum  mechanics,  where  the
intricate interactions between material properties and geometrical configurations are thoroughly examined.
Notably, it draws upon established methodologies to assess stability and structural integrity, as presented in
the proceedings of the 6th Congress of the Serbian Society of Mechanics, where significant research efforts
targeting theoretical  and applied mechanics were highlighted (Lazarević  et  al.,  2017).  Furthermore,  the
framework aligns with ongoing discussions regarding the evaluation of structural stability in composite
materials,  explained  in  the  context  of  relevant  research  problems  raised  by  contemporary  engineers
(Structural stability research council, 1982). By synthesizing these sources, the theoretical framework guides
the  analysis  of  nonlinearities  inherent  to  conical  shells,  enabling  a  more  profound exploration  of  their
vibrational characteristics.

The  governing  equations  of  motion  for  elastic  shells,  particularly  in  the  context  of  nonlinear
longitudinal  vibrations,  are fundamentally derived from deformation theories that  account  for geometric
nonlinearity.  Models  such  as  Donnells  and  Sanders  theories  have  established  themselves  as  pivotal  in
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capturing the complex dynamics exhibited by conical shells  under various loading conditions.  Donnells
theory  incorporates  second-order  nonlinear  effects  from the  normal  displacement,  allowing  for  a  more
comprehensive understanding of axial and circumferential deformations (Bakhtiari et al., 2020). Conversely,
Sanders  theory  builds  upon  the  small-strain  assumptions,  facilitating  the  derivation  of  the  strain-
displacement relationships crucial for formulating motion equations. Recent advancements further refine
these approaches by integrating hybrid finite element methods, yielding significant insights into the motion
and stability of shells subjected to dynamic pressures (Wang et al., 2012). The interplay between material
properties, geometric configurations, and boundary conditions elucidates the necessity of robust average
models for predicting the intricate behaviors of these structures under nonlinear vibrations.

2.1 Nonlinear Dynamics and Perturbation Methods
In  the  analysis  of  nonlinear  longitudinal  vibrations  in  circular  conical  elastic  shells,  perturbation

methods emerge as pivotal  tools for  understanding the complexities inherent  to such dynamic systems.
These  methods  facilitate  the  exploration  of  bifurcations  and  stability  characteristics,  particularly  when
accounting for geometric nonlinearities as described by von Karmans assumptions. Recent studies highlight
the significant role of asymmetric perturbations in initiating bifurcation phenomena, which are critical for
accurately predicting the shells  response under  varying conditions (Patel  et  al.,  1906).  The coupling of
thermo-elastic  considerations  with  nonlinear  dynamics  illustrates  how  environmental  factors,  such  as
temperature variations, further complicate the shells mechanical behavior (Hieu et al., 2019). By employing
semi-analytical  approaches,  researchers can derive governing equations that  account  for these nonlinear
characteristics, ultimately enhancing the predictive power of models used in engineering applications. Thus,
the integration of perturbation methods in this context is essential for understanding and optimizing the
performance of conical elastic shells under nonlinear vibrational loads.

III. Mathematical Modeling
Mathematical modeling serves as a crucial foundation for analyzing nonlinear longitudinal vibrations

in  circular  conical  elastic  shells,  enabling  a  deeper  understanding of  their  mechanical  behaviors  under
various  conditions.  The  complexity  inherent  in  these  systems  necessitates  the  application  of  advanced
mathematical frameworks, which capture the intricacies of material properties, geometrical configurations,
and external influences. Utilizing three-dimensional elasticity theories offers a benchmark against which
simpler shell theories can be evaluated, as discussed in (Wang et al., 2012). This comparative analysis is
vital for validating the accuracy of modeling approaches, particularly in the context of orthotropic materials,
where traditional methods may fall short.  Additionally, recent work on viscoelastic layer interactions in
cylindrical  structures  illuminates  how  layered  compositions  can  complicate  vibrational  responses,
reinforcing  the  need  for  robust  mathematical  formulations  to  predict  stress-strain  states  accurately,  as
presented  in  (Khudoynazarov  et  al.,  2024).  Thus,  developing  comprehensive  mathematical  models  is
essential for advancing the field and optimizing the design of such structures.

3.1 Derivation of the Nonlinear Vibration Model
The derivation of the nonlinear vibration model for a circular conical elastic shell necessitates a careful

consideration of the mechanical behavior and geometric parameters that govern its dynamics. Beginning
with the fundamental assumptions of elasticity and shell theory, the equations of motion can be formulated
by applying the  principles  of  continuum mechanics,  particularly focusing  on both linear  and nonlinear
dynamic effects. This is achieved by integrating displacement fields that account for the shells curvature and
boundary conditions,  which significantly influence its  vibrational  characteristics.  The application of  the
First-Order Shear Deformation Theory (FSDT) allows for the incorporation of shear deformations and rotary
inertia effects, leading to a set of coupled nonlinear differential equations. Notably, these equations can be
modified  to  better  reflect  real-world  scenarios,  including  the  canonical  effects  described  by  recent
advancements in shell theory (Asadi et al., 2011) and (Asadi et al., 2011), resulting in a robust framework
for analyzing the nonlinear dynamics of conical shells under various loading conditions.

3.2 Boundary Conditions and Assumptions
The analysis of nonlinear longitudinal vibrations in circular conical elastic shells necessitates careful

consideration  of  boundary  conditions  and  underlying  assumptions,  as  these  elements  fundamentally
influence the predictive accuracy of models. Various shell theories, such as those proposed by Donnell and
Sanders,  employ different  simplifications  regarding kinematic  relationships  that  can  significantly  affect
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vibrational  characteristics  under  supersonic  flow  conditions  (Bakhtiari  et  al.,  2020).  For  instance,  the
selection of boundary conditions—whether simply supported, clamped, or free—can alter the stiffness and
modal behavior of the shell structure, ultimately impacting the vibration frequency and stability assessment.
Additionally,  the  assumptions  regarding  material  properties,  such  as  isotropy  or  orthotropy,  must  be
explicitly defined, as newer materials often exhibit complex responses under stress, challenging traditional
linear modeling techniques (Wang et al., 2012). Consequently, a thorough understanding of these boundary
conditions  and assumptions  is  crucial  for  accurately  modeling  the  dynamic  behavior  of  conical  shells,
enhancing both theoretical and practical applications in aerospace engineering.

IV. Numerical Analysis
In the context  of exploring the nonlinear  longitudinal  vibration of  a  circular  conical  elastic shell,

numerical analysis plays a pivotal role in validating computational models against theoretical frameworks.
The application of  advanced numerical  techniques enables  researchers  to  simulate  complex interactions
within  the  shell  structures,  accommodating  variations  in  material  properties,  such  as  orthotropy  and
anisotropy, which are increasingly relevant in modern engineering (Wang et al., 2012). Furthermore, the
analytical benchmarks established through three-dimensional elasticity theories serve as critical references,
enhancing the reliability of numerical results. These benchmarks facilitate a comprehensive understanding
of the vibrational behavior by allowing for the evaluation of stress-strain states in multilayered structures,
which is essential for assessing design integrity under dynamic conditions (Khudoynazarov et al., 2024).
Ultimately, a robust numerical analysis not only enhances the predictive capabilities for nonlinear vibrations
but also informs the development of innovative materials and structures, bridging theoretical gaps that have
previously hindered advancements in shell theory.

4.1 Computational Techniques for Solving Nonlinear Equations
The challenge  of  solving nonlinear  equations  is  particularly pronounced in the field  of  nonlinear

longitudinal vibration of circular conical elastic shells, where traditional analytical techniques often prove
inadequate.  Advanced  computational  techniques  have  emerged  as  vital  tools  for  addressing  these
complexities, facilitating the analysis of intricate geometries and material behaviors that characterize such
structures.  For  instance,  high-performance  computing  platforms,  as  integrated  into  the  Computational
Structural Mechanics (CSM) testbed at NASA Langley Research Center, enable the development of robust
numerical methods specifically tailored to these nonlinear problems (Aminpour et al.)(Gillian et al.). These
methodologies not only enhance the accuracy of vibrational analysis but also expand the scope of problems
that can be addressed, allowing researchers to simulate real-world scenarios that involve multiple interacting
physical phenomena. Consequently, these computational techniques represent a significant advancement in
the understanding and prediction of the dynamic responses of elastic shells under nonlinear conditions.

4.2 Validation of Numerical Results with Experimental Data
The validation  of  numerical  results  against  experimental  data  is  a  pivotal  step  in  confirming the

accuracy of predictive models for nonlinear longitudinal vibrations of circular conical elastic shells. Recent
studies demonstrate that numerical predictions derived from hybrid finite element methods (FEM) align
closely  with  experimental  outcomes,  reinforcing  the  reliability  of  employed  theoretical  frameworks,
including  Donnells  and  Sanders  theories  (Bakhtiari  et  al.,  2020).  In  these  analyses,  a  comprehensive
assessment of boundary conditions and geometric configurations further enhances the robustness of results,
specifically  in  scenarios  exposed  to  dynamic  pressures.  The  comparative  analysis  indicates  that  the
developed  numerical  models  can  effectively  replicate  the  nonlinear  behavior  and  flutter  phenomena
observed in laboratory settings (Sabri et al., 2009). Thus, through rigorous validation processes, researchers
can substantiate the capabilities of numerical methodologies in accurately predicting the complex vibrational
responses of circular conical shells, ultimately contributing to advancements in aerospace engineering and
structural dynamics.

V. Conclusion
In  conclusion,  this  research  elucidates  the  complexities  inherent  in  the  nonlinear  longitudinal

vibrations of circular conical elastic shells, underscoring the necessity for advanced analytical frameworks
and accurate  computational  methods.  The discrepancies  observed in  existing shell  theories,  particularly
regarding their applicability to orthotropic materials, reveal critical gaps that necessitate further exploration,
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as highlighted in the literature involving both elasticity theory and experimental validation (Wang et al.,
2012). This dissertation contributes significantly to the field by establishing a robust benchmark using three-
dimensional  (3D)  elasticity  solutions,  thereby  enhancing  the  reliability  of  shell  theories  for  future
applications.  Furthermore,  it  promotes  ongoing  discourse  within  the  engineering  community  regarding
structural  stability  and  the  evaluation  of  advanced  materials,  as  pursued  in  recent  technical  forums
(Structural stability research council, 1982). Such findings not only augment the theoretical landscape but
also  inform  practical  applications,  thus  paving  the  way  for  innovative  designs  in  various  engineering
domains.

5.1 Summary of Key Findings
The exploration of nonlinear longitudinal vibration in circular conical elastic shells has yielded several

critical findings that advance our understanding of their mechanical behavior. Notably, the study reveals that
nonlinear characteristics significantly affect the vibration modes and amplitude responses of these structures
under various loading conditions. The analysis demonstrates that geometric parameters, such as the conical
angle  and shell  thickness,  play  crucial  roles  in  modulating  vibrational  characteristics,  underscoring  the
influence  of  shell  geometry  on  stability  and  resonance  phenomena.  Furthermore,  recent  investigations
highlighted  in  the  6th  Congress  of  the  Serbian  Society  of  Mechanics  indicate  that  the  integration  of
sophisticated  mathematical  models  and  computational  techniques  can  provide  improved  predictive
capabilities for real-world applications, enhancing design frameworks in engineering contexts (Lazarević et
al., 2017). Collectively, these findings emphasize the necessity for further research that bridges theoretical
developments  with  practical  implementations,  illuminating  the  path  for  future  innovations  in  the  field
(Lazarević et al., 2017).

5.2 Implications for Future Research and Applications
In exploring nonlinear longitudinal vibrations of circular conical elastic shells, significant implications

for future research and practical applications arise. Advancements in computational modeling techniques
could enhance the accuracy of predictions regarding vibrational behavior under various loading conditions,
which  remains  critical  for  the  aerospace  and civil  engineering  sectors.  Furthermore,  understanding the
underlying mechanics may pave the way for innovative design modifications that improve the structural
integrity  and  efficiency  of  thin-walled  structures.  This  foundational  knowledge  could  also  facilitate
interdisciplinary applications, such as in the development of vibration-dampening materials and systems that
enhance  performance  in  high-stress  environments.  Additionally,  future  experiments  that  investigate  the
interaction  of  environmental  factors—such  as  temperature  fluctuations  and  material  degradation—on
vibrational  properties could yield insights into the long-term behavior of these structures.  Ultimately,  a
comprehensive  understanding  of  these  dynamics  promises  to  inform  both  theoretical  frameworks  and
practical engineering solutions.
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